Free vibration analysis of homogeneous and isotropic circular thin plates with variable distribution of parameters by using Green's functions (solution to homogeneous ordinary differential equations with variable coefficients) is considered. The formula of Green's function (called the influence function) depends on the Poisson ratio and the coefficient of distribution of plate flexural rigidity, and the thickness is obtained in a closed-form. The limited independent solutions to differential Euler equations are expanded in the Neumann power series using the Volterra integral equations of the second kind. This approach allows one to obtain the analytical frequency equations as the power series rapidly convergens to exact eigenvalues for different values of the power index and different values of the Poisson ratio. The six lower natural dimensionless frequencies of axisymmetric vibration of circular plates of constant and variable thickness are calculated for different boundary conditions. The obtained results are compared with selected results presented in the literature.
Introduction
The study of vibration of a thin circular plate is basic in structural mechanics because it has many applications in civil and mechanical engineering. Circular plates are the most critical structural elements in high speed rotating engineering systems such as circular saws, rotors, turbine flywheels, etc. In reality, a lot of complicating factors may come into play: non-uniform thickness, elastic constraints, anisotropic or composite materials, etc. The natural frequencies of the plates have been studied extensively for more than a century, if only because when the frequency of external load matches the natural frequency of the plate, destruction may occur.
The free vibration of circular plates of constant and variable thickness has received considerable attention in the literature. The vibration of circular plates has been discussed by many authors. The work of Leissa (1969) is an excellent source of information about methods used for free vibration analysis of plates. Free vibration analysis has been carried out by using a variety of weighting function methods (Leissa, 1969) such as the Ritz method, the Galerkin method or the finite element method. Conway (1957 Conway ( , 1958 analyzed the axisymmetric vibration of thin circular plates with a power function thickness variation for a particular Poisson ratio in terms of the Bessel functions. Jain et al. (1972) studied the axisymmetric vibration of thin circular plates with linearly varying thickness using by the Frobenius method. Yang (1993) studied the same problem using by perturbation method. Wang (1997) used the power series method for free vibration analysis of circular thin plates with power variable thickness. Liu (2001, 2002) proposed a generalized differential quadrature rule (GDQR) for free vibration analysis of circular thin plates of constant and variable thickness. Jaroszewicz and Zoryj (2006) studied free vibration of circular thin plates with variable distribution of parameters using the method of partial discretization (MPD). Taher et al. (2006) studied free vibration of circular and annular plates with variable thickness and different combinations of boundary conditions. Gupta et al. (2006) analyzed free vibration of nonhomogeneous circular plates with nonlinear thickness variation by using the differential quadrature method (DQM). Yalcin et al. (2009) studied free vibration of circular plates by using the differential transformation method (DTM). Zhou et al. (2011) applied the Hamiltonian approach to solution of the free vibration problem of circular and annular thin plates. Duan et al. (2014) proposed the DSC element method for free vibration analysis of circular thin plates with constant and stepped thickness.
In the works by Leissa (1969) , Conway (1957 Conway ( , 1958 ) the solutions for free axisymmetric vibration of clamped circular plates with a power function thickness variation were presented. Those solutions were possible to obtain only for few combinations of the Poisson ratios and Bessel functions. That kind of solutions have limited practical applications. The aim of the paper is frequency analysis of circular plates with different values of the power index m of the plate parameters and different values of the Poisson ratios. The characteristic equations are obtained for two different values of the Poisson ratio and different boundary conditions such as free, clamped, simply supported, sliding and elastic supports. The limited independent solutions of differential Euler equations are expanded in the Neumann power series using the properties of integral equations. This approach allows one to obtain analytical frequency equations as the power series rapidly converges to the exact eigenvalues. The numerical results of investigation are in good agreement with selected results presented in the literature.
Statement of the problem
Consider an isotropic, homogeneous circular thin plate of variable thickness h = h R r m/3 and flexural rigidity D = D R r m in the cylindrical coordinate system (r, θ, z) with the z-axis along the longitudinal direction. h R and D R are thickness and flexural rigidity of circular plates on the edge (r = R), respectively. The geometry and coordinate system of the considered plate are shown in Fig. 1 where ρ is mass density, r is the radial coordinate and W (r, t) is the small axisymmetric deflection compared with the thickness h of the plate. The axisymmetric deflection of a circular plate may be expressed as follows
where w(r) is the radial mode function and ω is natural frequency. Substituting Eq. (2.2) into Eq. (2.1) and using the dimensionless coordinate ξ = r/R, the governing differential equation of the circular plate becomes
where L(w) is the operator defined by
and the dimensionless frequency λ of vibration is given by
The governing differential equation for the circular plate of constant thickness has the form
where
The boundary conditions at the outer edge (ξ = 1) of the circular plate may be one of the following: clamped, simply supported, free, sliding supports and elastic supports. These conditions may be written in terms of the radial mode function w(ξ) in the following form: -clamped
M (w) and V (w) are the normalized radial bending moment and the normalized effective shear force, respectively. φ = K φ R/D R and ψ = K ψ R 3 /D R are parameters of the elastic supports. K φ and K ψ are the rotational and translational spring constants ( Fig. 2) , respectively. 
has the following form
The roots of Eq. (3.2) are
The general solution to Eq. (3.1) is 
where p 0 (α) = 1 is a coefficient placed before the highest order of the derivative of Euler differential equation (3.1) and
The functions 1,
+H are linear independent solutions, then the Wronskian must satisfy the condition (Stakgold and Holst, 2011)
After calculations, Green's function (GF) has the following form
and satisfies the conditions 
when Poisson ratio ν = 0.25
and ν = 0.33
Examples of the formulas of Green's function K m (ξα) for different values of the power index m m ∈ {−3, −2, −1, 0, 2, 3, 4} are presented as in the following: -for Poisson ratio ν = 0.25
(3.14)
-for Poisson ratio ν = 0.33
Solution of the problem
The ordinary differential equations with constant or variable coefficients can be transformed to the Volterra or Fredholm integral equations by using e.g. Fubini's method (Pogorzelski, 1958) . 
+H
for m 2). These solutions are expanded in the Neumann power series in the following form
where K i (ξ) u and K i (ξ) v are integral iterated kernels given by
and η is the degree of approximations. χ u and χ v are limited independent solutions to Eq. Table 1 . The characteristic equations ∆ m = 0 for different boundary conditions and different values of the parameter m are obtained from well known characteristic determinants given by: -clamped
For all boundary conditions, the formula of ∆ m has the following form
where a 0 , a 1 , . . . , a η are coefficients of characteristic equations depending on the boundary conditions and the parameter m.
Results and discussion
The numerical results for dimensionless frequencies of the uniform and non-uniform circular plates with different boundary conditions are presented in Tables 2-5 . The Neumann power series (Eq. (4.1)) expanded only for η = 15 allows one to obtained six lower exact eigenvalues for all considered cases. The numerical dimensionless frequencies of the uniform circular plates are presented in Table 2 The dimensionless frequencies of the non-uniform circular plates with different boundary conditions are presented in Table 4 with comparison to the results by Conway (1957) , Jaroszewicz and Zoryj (2006) , Wang (1997) . The numerical results for the non-uniform circular plates with elastic supports are shown in Table 5 .
The dimensionless frequencies of the non-uniform circular plate (Table 4) decrease when values of the power index increase. However, the absolute values of frequencies ω increase if the power index increases, which is according to physical properties of this kind of plates with variable thickness (Wu and Liu, 2002) . Additionally, the dimensionless frequencies depend on functions describing the distribution of plate parameters such as thickness or rigidity. The dimensionless frequencies and absolute values ω for the uniform and the non-uniform circular plates with elastic constraints (Table 3 and 5) depend on combination of values of the elastic parameters.
Conclusions
In this paper, Green's functions have been employed to solve the problem of natural vibration of uniform and non-uniform circular thin plates with different boundary conditions. The universal Green function for different power indices m and different Poisson ratios is defined. 
